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Let (X, T) be a topological transformation group [4] whose phase space 
A’ is non-empty and Hausdorff. For a subset M of X, A8 denotes its closure. 
In [2, 31, Elaydi defined the following limit and prolongation sets in 
topological dynamics as a direct lifting from dynamical system theory: For 
a point x in X, 
(a) The limit set of x: L(x) = n {x( T- K) I K is a compact subset of 
Tl. 
(b) The first prolongation set of x: D(x) = n {I/T 1 V is a 
neighborhood of x>. 
(c) The first limit prolongation set of x: J(x) = n (D(xt) 1 t E T}. 
Elaydi also defined the following P-limit and P-prolongation sets by using 
the replete semigroup P (for the definition, see [4]) of the phase group T 
of (X, T): For a point x E X, 
(a) The P-limit set of x: L’(x) = n {n 1 I E P}. 
(b) The first P-prolongation set of x: DP(x)= n {VP 1 I/ is a 
neighborhood of x}. 
(c) The first P-limit prolongation set of x: Jp(x) = fi {Dp(xl) 1 ICZ P}. 
But these definitions are not well behaved to develop the theory of D- 
stability and J-stability in [2, 31. The purpose of this note is to point out 
this fact and to give the correct delintions as follows. 
1. Let x be a point of X. Then it is well known that D(xt) = D(x) 
for each t E T [S, Lemma 93 and so we have D(x) = J(x). Therefore the 
concepts of D-stability and J-stability are same. But if we adopt the 
definition of Knight [6]: J(x) = n { I’( T - K) ) V is a neighborhood of x 
and K is a compact subset of T) or the definition of Elaydi [ 11: 
J(x) = { y E X ) xipi + y for some xi + x and pi --) cc}, then we can easily 
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check that the results for J-stability in [2] are valid. Note that the above 
two definitions are equivalent, as it will be shown in Section 3. 
2. For a net {pi} in P, we say that pi + CD if the net (pi} has no 
convergent subnets [S]. 
Consider the sets 
Lp(x) = ( y E X 1 xpi + y for some net {pi} in P with pi + co ) 
and 
JP(x) = { y E x 1 xipi + y for some nets {xi} in X and {Pi} in P 
with xi + x and pi + cc }. In [3], Elaydi proved his theorems by assuming 
LP(x) = Z’(x) (f or instance, Lemma 3.5) and Jp(x) = Tp(x) (for instance, 
Theorem 2.1). However, the following example shows that the equivalence 
of the sets L’(x), z’(x) and J’(x), J’(x) do not hold in general. 
EXAMPLE 1. Consider the topological transformation group (X, T, z), 
where X= Hz, T= Hz, and 71: R2x R* + IX* is defined by X(X, y, s, t)= 
(xe”, ye’). Let P= {(s, t) E I$* ) s < 0, t < 0} be a replete semigroup of 
T= R*. Then, for any a > 0 and b > 0, we have LP(a, b) = { (0, 0)) = 
J’(a, b). However, Z’(a, b)= {(x, 0) ( O<x<a} u ((0,~) 1 O<y<b} = 
Jp(u, 6). Therefore LP(u, b) # ZP(u, b) and JP(u, 6) # Jp(u, b). 
- 
Elaydi used equations XP = XP u L’(x) and Dp(x) = XP u J’(x) for any 
x E X to prove the theorems (Lemmas 2.10, 3.3 in [2]; Theorems 2.1, 2.4, 
and 3.8 in [3]). But these equations do not hold in the sense of Elaydi’s 
definitions by the following example and thus it is uncertain that the above 
theorems in [2, 31 are true (for instance, Lemma 3.10 in [2]). 
EXAMPLE 2. If we consider the topological transformation group 
(X, T, X) and the replete semigroup P of T as in Example 1, then we have, 
for any aa0 and b20, (a, b) P= {(x,y) I O<x<u, O<y<b} =DP(u, b), 
(a, b) P= {(x,y) I O<x<u, O<y<b} (if the case a>0 and b>O) and 
LP(u, 6) = ((0, 0)} = JP(u, b). Therefore, in general, (a, 6) P# (a, 6) Pu 
LP(u,b)andDP(u,b)#(u,b)PuJP(u,b). 
Moreover, if we take the set M = ((x, y) I 0 < x < a, 0 < y < b} for some 
a>0 and b>0, then M is compact P-invariant and DP(M) = A4 but 
JP(M) = { (0, 0)). This shows that Lemma 3.10 in [2] does not hold. 
3. To eliminate the above defect, we give new definitions about the 
sets Lp(x) and J’(x) as follows: For a point x E X, 
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(a) The P-limit set of x: LP(x) = n {x(P- K) ) Kis a compact subset 
of P}. 
(b) The first P-prolongation set of x: Jp(x) = n { V(P- K) ) V is a 
neighborhood of x and K is a compact subset of P}. 
Then we can obtain the following: For a point x E X, 
L’(x) = P(x). (1) 
F(x) = P(x). (2) 
xp = XP v LP(x). 
V(x) = XP u Y(x). 
(3) 
(4) 
To prove the equality (1) let YE L’(x). Suppose that (K, ( QE A} is a 
collection of all compact subsets of P and { U, 1 /I E B} is a collection of all 
open neighborhoods of y, where A and B are directed sets. We define 
a1 < a2 if and only if K,, c K,, for a 1, a2 E A, and /I1 < /I2 if and only if 
UBzc U,, for PI, fi26B. Let T=Ax B be a directed set. For (a,, /?,), 
(az, /QE~, define (a,, PI)< (a*, P2) if and only if a1 <a, and PI -i P2. 
Since YE L’(x), U, n x(P- K,) is non-empty for every (a, /.?) E r. Thus 
there exists a t(,,8) in P-K, such that xtc,T8j E U,. Then we can easily have 
that Xt(,,8) -+Y and t(, 
if 
) + co. This means that y E z’(x). 
Conversely, let YE ‘(x). Th en xpi +y for some net {p,} in P with 
pi 3 co. Thus, for any neighborhood U of y and any compact subset K of 
P, there exist i, and i, such that pi E P - K for every i > i, and xpi E U for 
every i> i,. Also, we have pi2 E P - K and xpi2 E U for every i, > i,, i,. 
Therefore Un x(P - K) # 0. Then it follows that y E x(P - K). 
For the equality (2), let {K, 1 a E A} be a collection of all compact sub- 
sets of P, {U, 1 /?E B} a collection of all neighborhoods of y, and 
{ VY 1 y E I’} a collection of all neighborhoods of x, where A, B, and r are 
directed sets. Suppose that the orderings in A, B are the same as in the 
proof of (1). For y1,y2~r, we define yI<y2 if and only if VYzcT/y,. 
Furthermore, for (al,h,yl), (a2,f12,y2)EAxBxC define (al,Pl,yl)+ 
(az, j&, y2) if and only if a, < a2, j?r < fi2 and y1 < y2. Then the remaining 
proof of (2) is similar to that of (1). 
Now, we show that the relation (3) holds. Clearly we have 
xP u L’(x) c 2. Suppose that there exists a point y in 2 - (xP u L’(x)). 
Then by the definition of L’(x) there exist an open neighborhood U of y 
and a compact subset Kc P such that U n x( P - K) = 0 and y $ x( P - K). 
Taking a set V = U- xK as a neighborhood of y, we have V n xP = 0, 
which is a contradiction. 
Finally, let y E DP(x) - (xP u JP(x)). Then y # U,,(P - K) and 
V, n U,,(P - K) = @ for some open neighborhoods U,,, V,, of x, y, respec- 
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tively, and a compact subset ,Kc P. Since X is Hausdorff, there exist 
neighborhoods V(t), W(t) of y, xt, respectively, such that I’(t) n W(t) = 0. 
Also, there exist neighborhoods U(t), G(t) of X, t, respectively, such that 
U(t) G(t) c W(t). Since {G(t) ) t E K} forms an open covering of the com- 
pact subset K, there exists a finite subcovering { G(ri) 1 i= 1,2,..., n>. If we 
take U, = fly= I U(ti) and V1 = n;= I V(ti) as open neighborhoods of x, y, 
respectively, then it is not hard to show that V, n U, K = 0. 
Now the sets U = U, n U1 and V = V,, n V, are open neighborhoods of 
x, y, respectively and we have V n UP = 0, which is a contradiction. This 
completes the proof of Eq. (4). 
Furthermore, it is not difficult to show that all the results concerning the 
sets L’(x) and P’(x) in [2, 31 holds by using our new definitions. 
As a final remark our definitions coincide with Elaydi’s definitions when 
T=R and P=R+ or!K. 
REFERENCES 
1. S. ELAYDI, Weakly equicontinuous flows, Funkcial. Ekuac. 24 (1981), 317-324. 
2. S. ELAYDI, On some stability notions in topological dynamics, J. Differential Equations 47 
(1983), 24-34. 
3. S. ELAYDI, Attraction in topological dynamics, J. Differential Equations 51 (1984), 116125. 
4. W. H. GOITSCHALK AND G. A. HEDLUND, “Topological Dynamics,” Amer. Math. Sot. 
Colloq. Publ. Vol. 36, Amer. Math. Sot. Providence, RI., 1955. 
5. 0. HAJEK, Prolongations in topologidal dynamics, in “Seminar on Differential Equations 
and Dynamical Systems II,” pp. 79-89, Lecture Notes in Mathematics Vol. 144, Springer- 
Verlag, Berlin/Heidelberg/New York, 1970. 
6. R. A. KNIGHT, Attraction and stability in transformation groups, Bull. Inst. Math. Acad. 
Sinica 11 (1983) 573-592. 
